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Massive MIMO
◦ BSs are equipped with a very large number 

of antennas
◦ A large number of users are served 

simultaneously
◦ Also known as 
◦ “Large-Scale Antenna Systems” 
◦ “Very Large MIMO”
◦ “Hyper MIMO”
◦ “Full-Dimension MIMO”
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簡報者
簡報註解
In conventional LTE using a normal MIMO, the maximum number of antenna in MIMO as of now is      8 x 2 or 4 x 4 and recently even 8 x 8 is mentioned.
�According to R1-163132 section 2.5, it is said that the number of antenna will be up to 256 in DL and 32 in UL in 5G




Challenges of Precoding in Massive MIMO
◦ In Massive MIMO systems with fully digital precoder / combiner
◦ Number of RF chains, ADCs/DACs and LNAs is identical to Number of antennas

1. The cost of RF chains and ADCs/DACs are higher especiallyfor mmWave devices
2. It demands more volume to allocate numerous circuits of RF chain and ADC/DAC  

◦ To tackle the challenges, we may consider 
◦ Analog beamforming
◦ Hybrid Precoder/ Combiner
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Hybrid Precoder
 Fully digital precoders requires a large number of radio frequency (RF) chains 
and analog-to-digital converters (ADCs)
◦ Pro: High spectral efficiency
◦ Con: High cost, large size, high power consumption

 Fully analog precoders employing only one RF chain have been applied to 
mmWave WLAN
◦ Pro: low implementation complexity
◦ Cons: one spatial stream per cycle

 Better Tradeoff ⇒ Hybrid Precoder !
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Hybrid Precoder/Combiner
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Structures of Hybrid Precoders
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Fully Connected Structure Sub-Connected Structure
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Signal Model of Hybrid Precoder
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The transmitted signal vector is
𝐱𝐱 = 𝐅𝐅𝐅𝐅 = 𝐅𝐅𝑅𝑅𝑅𝑅𝐅𝐅𝐵𝐵𝐵𝐵𝐬𝐬

 𝐬𝐬 : 𝑁𝑁𝑠𝑠 × 1 vector of data symbols
 𝐅𝐅𝐵𝐵𝐵𝐵 : 𝑁𝑁𝑡𝑡𝑅𝑅𝑅𝑅 × 𝑁𝑁𝑆𝑆 digital precoding matrix
 𝐅𝐅𝑅𝑅𝑅𝑅 : 𝑁𝑁𝑡𝑡 × 𝑁𝑁𝑡𝑡𝑅𝑅𝑅𝑅analog precoding matrix

 Power constraint 𝐅𝐅𝑅𝑅𝑅𝑅𝐅𝐅𝐵𝐵𝐵𝐵 F
2 = 𝑁𝑁𝑠𝑠



Signal Model of Hybrid Precoder
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Fully Connected Structure
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Sub-Connected Structure

Signal Model of Hybrid Precoder
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Signal Model of Hybrid Precoder
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At the rx, a hybrid receiver is employed and the output is
�𝐲𝐲 = 𝐖𝐖𝐵𝐵𝐵𝐵

𝐻𝐻 𝐖𝐖𝑅𝑅𝑅𝑅
𝐻𝐻 𝐇𝐇𝐅𝐅𝑅𝑅𝑅𝑅𝐅𝐅𝑅𝑅𝑅𝑅𝐅𝐅𝐵𝐵𝐵𝐵𝐬𝐬 + 𝐖𝐖𝐵𝐵𝐵𝐵

𝐻𝐻 𝐖𝐖𝑅𝑅𝑅𝑅
𝐻𝐻 𝐧𝐧

 𝐇𝐇 : 𝑁𝑁𝑟𝑟 × 𝑁𝑁𝑡𝑡 channel matrix

 𝐖𝐖𝐵𝐵𝐵𝐵 : 𝑁𝑁𝑟𝑟𝑅𝑅𝑅𝑅 × 𝑁𝑁𝑆𝑆 digital combining matrix
 𝐖𝐖𝑅𝑅𝑅𝑅 : 𝑁𝑁𝑟𝑟 × 𝑁𝑁𝑟𝑟𝑅𝑅𝑅𝑅analog combining matrix
 𝐧𝐧 : 𝑁𝑁𝑟𝑟 × 1 AWGN vector



Optimization of Hybrid Precoder
 Fully-Connected Hybrid Precoder / Combiner

1. Orthogonal Matching Pursuit (OMP) Algorithm [1]
2. Manifold Optimization (MO) Based algorithm [2]

Sub-Connected Hybrid Precoder / Combiner
1. Semi-Definite Relaxation (SDR) Based Algorithm [2]
2. Successive Interference Cancelation (SIC)-Based Algorithm [3]
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[1] O. E. Ayach, S. Rajagopal, S. Abu-Surra, Z. Pi and R. W. Heath, "Spatially Sparse Precoding in Millimeter Wave MIMO 
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OMP Algorithm (Fully-Connected) 
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Achievable rate of the massive MIMO system 

max 𝑅𝑅 = log det 𝐈𝐈 + 𝐸𝐸𝑠𝑠
𝑁𝑁𝑠𝑠𝑁𝑁0

𝐇𝐇𝐇𝐇𝑅𝑅𝑅𝑅𝐅𝐅𝐵𝐵𝐵𝐵𝐅𝐅𝐵𝐵𝐵𝐵𝐻𝐻 𝐅𝐅𝑅𝑅𝑅𝑅𝐻𝐻 𝐇𝐇𝐻𝐻

𝐅𝐅𝑅𝑅𝑅𝑅𝐅𝐅𝐵𝐵𝐵𝐵 F
2 = 𝑁𝑁𝑠𝑠

Subject to [𝐅𝐅𝑅𝑅𝑅𝑅]𝑖𝑖,𝑗𝑗 ＝1/ 𝑁𝑁𝑡𝑡

Problem formulation of precoder optimization:

𝑅𝑅 = log det 𝐈𝐈 + 𝐸𝐸𝑠𝑠
𝑁𝑁𝑠𝑠𝑁𝑁0

𝐇𝐇𝐇𝐇𝑅𝑅𝑅𝑅𝐅𝐅𝐵𝐵𝐵𝐵𝐅𝐅𝐵𝐵𝐵𝐵𝐻𝐻 𝐅𝐅𝑅𝑅𝑅𝑅𝐻𝐻 𝐇𝐇𝐻𝐻



OMP Algorithm  (Fully-Connected) 
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Ideally, the optimal solution of the effective precoder 𝐅𝐅 = 𝐅𝐅𝑅𝑅𝑅𝑅𝐅𝐅𝐵𝐵𝐵𝐵 is 
𝐅𝐅opt = 𝐕𝐕1:𝑁𝑁𝑆𝑆

 𝐕𝐕1:𝑁𝑁𝑆𝑆 : comprises of first 𝑁𝑁𝑠𝑠 left singular vector of 𝐇𝐇

min 𝐅𝐅opt − 𝐅𝐅𝑅𝑅𝑅𝑅𝐅𝐅𝐵𝐵𝐵𝐵 F

𝐅𝐅𝑅𝑅𝑅𝑅𝐅𝐅𝐵𝐵𝐵𝐵 F
2 = 𝑁𝑁𝑠𝑠

Subject to [𝐅𝐅𝑅𝑅𝑅𝑅]𝑖𝑖,𝑗𝑗 ＝1/ 𝑁𝑁𝑡𝑡

Optimization of fully connected hybrid precoder



OMP Algorithm  (Fully-Connected)
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 In mmWave channel, columns of 𝐅𝐅𝑅𝑅𝑅𝑅 can be chosen from 
𝒂𝒂𝒕𝒕 𝜃𝜃0 ,𝒂𝒂𝒕𝒕 𝜃𝜃1 , … ,𝒂𝒂𝒕𝒕(𝜃𝜃𝑳𝑳)

 Construct 𝐅𝐅𝑅𝑅𝑅𝑅 by choosing the best  𝑁𝑁𝑡𝑡𝑅𝑅𝑅𝑅 columns of 𝐀𝐀𝒕𝒕
 Optimization problem is now becomes

 Nenote a matrix 𝐀𝐀𝒕𝒕 = 𝒂𝒂𝒕𝒕 𝜃𝜃0 ,𝒂𝒂𝒕𝒕 𝜃𝜃1 , … ,𝒂𝒂𝒕𝒕 𝜃𝜃𝑳𝑳

min 𝐅𝐅opt − 𝐅𝐅𝑅𝑅𝑅𝑅𝐅𝐅𝐵𝐵𝐵𝐵 F

𝐅𝐅𝑅𝑅𝑅𝑅𝐅𝐅𝐵𝐵𝐵𝐵 F
2 = 𝑁𝑁𝑠𝑠

Subject to 𝐅𝐅𝑅𝑅𝑅𝑅
(𝑖𝑖) ∈ {𝒂𝒂𝒕𝒕 𝜃𝜃0 ,𝒂𝒂𝒕𝒕 𝜃𝜃1 , … ,𝒂𝒂𝒕𝒕(𝜃𝜃𝑳𝑳)}

 Given 𝐅𝐅𝑅𝑅𝑅𝑅 , 𝐅𝐅𝐵𝐵𝐵𝐵cab be found by orthogonal projection of 𝐅𝐅opt on the 
column space of 𝐅𝐅𝑅𝑅𝑅𝑅
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orthogonal projection of 𝐅𝐅opt on the 
column space of 𝐅𝐅𝑅𝑅𝑅𝑅



OMP Algorithm  (Fully-Connected)
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 Ideally, the MMSE solution of the effective combiner 𝐖𝐖MMSE
𝐻𝐻 = 𝐖𝐖𝐵𝐵𝐵𝐵

𝐻𝐻 𝐖𝐖RF
𝐻𝐻 is 

𝐖𝐖MMSE
𝐻𝐻 = 𝔼𝔼 𝐬𝐬𝐬𝐬𝐻𝐻 𝔼𝔼 𝐲𝐲𝐲𝐲𝐻𝐻 −1

min 𝔼𝔼 𝐬𝐬 −𝐖𝐖𝐵𝐵𝐵𝐵
𝐻𝐻 𝐖𝐖𝑅𝑅𝑅𝑅

𝐻𝐻 𝐲𝐲 𝟐𝟐

Subject to [𝐖𝐖𝑅𝑅𝑅𝑅]𝑖𝑖,𝑗𝑗 ＝1/ 𝑁𝑁𝑟𝑟

 Given (𝐅𝐅𝑅𝑅𝑅𝑅 ,𝐅𝐅𝐵𝐵𝐵𝐵), the hybrid combiner design that minimizes MSE is 

= 𝐑𝐑𝐬𝐬𝐅𝐅𝐵𝐵𝐵𝐵𝐻𝐻 𝐅𝐅𝑅𝑅𝑅𝑅𝐻𝐻 𝐇𝐇𝐻𝐻 𝐇𝐇𝐇𝐇𝑅𝑅𝑅𝑅𝐅𝐅𝑅𝑅𝑅𝑅𝐅𝐅𝐵𝐵𝐵𝐵𝐑𝐑𝐬𝐬𝐅𝐅𝐵𝐵𝐵𝐵𝐻𝐻 𝐅𝐅𝑅𝑅𝑅𝑅𝐻𝐻 𝐇𝐇𝐻𝐻 + 𝜎𝜎𝑛𝑛2𝐈𝐈
−1



OMP Algorithm  (Fully-Connected)
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 Mathematically, the optimization in terms of

min 𝔼𝔼 𝐲𝐲𝐲𝐲𝐻𝐻 1/2 𝐖𝐖MMSE −𝐖𝐖RF𝐖𝐖BB
𝐹𝐹

is equivalent to the optimization in terms of

min 𝔼𝔼 𝐬𝐬 −𝐖𝐖𝐵𝐵𝐵𝐵
𝐻𝐻 𝐖𝐖𝑅𝑅𝑅𝑅

𝐻𝐻 𝐲𝐲 𝟐𝟐

 In mmWave channel, columns of 𝐖𝐖𝑅𝑅𝑅𝑅 can be chosen from 
𝒂𝒂𝒓𝒓 𝜃𝜃0 ,𝒂𝒂𝒓𝒓 𝜃𝜃1 , … ,𝒂𝒂𝒓𝒓(𝜃𝜃𝑳𝑳)

 Construct 𝐖𝐖𝑅𝑅𝑅𝑅 by choosing the best  𝑁𝑁𝑟𝑟𝑅𝑅𝑅𝑅 columns of 𝐀𝐀𝒓𝒓
 Nenote a matrix 𝐀𝐀𝒓𝒓 = 𝒂𝒂𝒓𝒓 𝜃𝜃0 ,𝒂𝒂𝒓𝒓 𝜃𝜃1 , … ,𝒂𝒂𝒓𝒓 𝜃𝜃𝑳𝑳



OMP Algorithm  (Fully-Connected) 
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 Optimization problem is now becomes
min 𝔼𝔼 𝐲𝐲𝐲𝐲𝐻𝐻 1/2 𝐖𝐖MMSE −𝐖𝐖RF𝐖𝐖BB

𝐹𝐹

Subject to 𝐖𝐖𝑅𝑅𝑅𝑅
(𝑖𝑖) ∈ {𝒂𝒂𝒓𝒓 𝜃𝜃0 ,𝒂𝒂𝒓𝒓 𝜃𝜃1 , … ,𝒂𝒂𝒓𝒓(𝜃𝜃𝑳𝑳)}

2) Given 𝐖𝐖𝑅𝑅𝑅𝑅, 𝐖𝐖𝐵𝐵𝐵𝐵cab be found by orthogonal projection of 𝔼𝔼 𝐲𝐲𝐲𝐲𝐻𝐻 1/2𝐅𝐅opt on 
the column space of 𝔼𝔼 𝐲𝐲𝐲𝐲𝐻𝐻 1/2𝐅𝐅𝑅𝑅𝑅𝑅

1) Given 𝐖𝐖𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 , choose a column of 𝐀𝐀𝒓𝒓, such that the inner products of 
𝔼𝔼 𝐲𝐲𝐲𝐲𝐻𝐻 1/2𝐖𝐖MMSE and 𝔼𝔼 𝐲𝐲𝐲𝐲𝐻𝐻 1/2 𝐀𝐀𝒓𝒓

(𝑖𝑖) has the largest strength
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Simulation
Result
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 𝑁𝑁𝑡𝑡𝑅𝑅𝑅𝑅 = 𝑁𝑁𝑟𝑟𝑅𝑅𝑅𝑅 = 4

 256 × 64 MIMO



MO Algorithm (Fully-Connected)
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min 𝐅𝐅opt − 𝐅𝐅𝑅𝑅𝑅𝑅𝐅𝐅𝐵𝐵𝐵𝐵 F

𝐅𝐅𝑅𝑅𝑅𝑅𝐅𝐅𝐵𝐵𝐵𝐵 F
2 = 𝑁𝑁𝑠𝑠

Subject to [𝐅𝐅𝑅𝑅𝑅𝑅]𝑖𝑖,𝑗𝑗 ＝1

Problem formulation for MO algorithm

 Optimization procedure is similar to the OMP algorithm:
1) Given 𝐅𝐅𝑅𝑅𝑅𝑅 , 𝐅𝐅𝐵𝐵𝐵𝐵cab be found by orthogonal projection of 𝐅𝐅opt on the 

column space of 𝐅𝐅𝑅𝑅𝑅𝑅
2) Design of 𝐅𝐅𝑅𝑅𝑅𝑅 employ Manifold Optimization 



MO Algorithm  (Fully-Connected)
 All feasible solutions of 𝐅𝐅𝑅𝑅𝑅𝑅lie on the space ℳ𝑐𝑐𝑐𝑐

𝑚𝑚

ℳ𝑐𝑐𝑐𝑐
𝑚𝑚 = {𝐱𝐱 ∈ ℂ𝑚𝑚：|𝑥𝑥1| = |𝑥𝑥2| = ⋯ = |𝑥𝑥𝑚𝑚| = 1}

 The tangent space at the point 𝐱𝐱 ∈ ℳ𝑐𝑐𝑐𝑐
𝑚𝑚

𝑇𝑇𝑥𝑥ℳ𝑐𝑐𝑐𝑐
𝑚𝑚 = 𝐳𝐳 ∈ ℂ𝑚𝑚:𝑅𝑅 𝒛𝒛。𝐱𝐱∗ = 𝟎𝟎𝑚𝑚

 Euclidean gradient of the cost function
𝛻𝛻𝛻𝛻(𝐱𝐱) = −2(𝐅𝐅BB∗ ⊗ 𝐈𝐈𝑁𝑁𝑡𝑡) [vec 𝐅𝐅opt − 𝐅𝐅BB𝑇𝑇 ⊗ 𝐈𝐈N𝑡𝑡 𝐱𝐱]

 Riemannian gradient at 𝐱𝐱 ∈ ℂ𝑚𝑚: orthogonal projection 
of 𝛻𝛻𝛻𝛻(𝐱𝐱) onto the tangent space 𝑇𝑇𝑥𝑥ℳ𝑐𝑐𝑐𝑐

𝑚𝑚

grad𝑓𝑓 𝑥𝑥 = Proj𝐱𝐱𝛻𝛻𝛻𝛻 𝐱𝐱 = 𝛻𝛻𝛻𝛻 𝐱𝐱 − ℜ 𝛻𝛻𝛻𝛻 𝐱𝐱 。𝐱𝐱∗ 。𝐱𝐱

25

ℳ𝑐𝑐𝑐𝑐
𝑚𝑚

𝐱𝐱

𝒯𝒯𝑥𝑥ℳ𝑐𝑐𝑐𝑐
𝑚𝑚

𝑓𝑓 𝐱𝐱

𝐱𝐱𝑘𝑘+1

Riemannian gradient

(13)

(14)
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MO Algorithm (Fully-Connected)
 The retraction of a tangent vector 𝛼𝛼𝐝𝐝

at 𝐱𝐱 ∈ ℳ𝑐𝑐𝑐𝑐
𝑚𝑚

 The transport of a tangent vector 𝐝𝐝
from 𝐱𝐱𝑘𝑘 to 𝐱𝐱𝑘𝑘+1

𝐱𝐱𝑘𝑘

𝐱𝐱𝑘𝑘+𝟏𝟏

𝒯𝒯𝐱𝐱𝑘𝑘ℳ𝑐𝑐𝑐𝑐
𝑚𝑚

𝒯𝒯𝐱𝐱𝑘𝑘+1ℳ𝑐𝑐𝑐𝑐
𝑚𝑚

ℳ𝑐𝑐𝑐𝑐
𝑚𝑚

𝐝𝐝𝑘𝑘

𝐝𝐝𝑘𝑘+1

Transp𝐱𝐱𝑘𝑘 →𝐱𝐱𝑘𝑘+𝟏𝟏𝐱𝐱 𝐝𝐝

Retr𝐱𝐱 (α𝐝𝐝)

𝒯𝒯𝐱𝐱ℳ𝑐𝑐𝑐𝑐
𝑚𝑚

ℳ𝑐𝑐𝑐𝑐
𝑚𝑚
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Vector transport
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Performance 
Comparison

 𝑁𝑁𝑡𝑡𝑅𝑅𝑅𝑅 = 𝑁𝑁𝑟𝑟𝑅𝑅𝑅𝑅 = 3

 144 × 36 MIMO
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Consider a massive MIMO system
 𝑁𝑁𝑡𝑡 = 𝑁𝑁𝑡𝑡𝑅𝑅𝑅𝑅 � 𝑀𝑀
 𝑁𝑁𝑆𝑆 = 𝑁𝑁𝑡𝑡𝑅𝑅𝑅𝑅 data streams are transmitted
 Digital precoder is assumed digital : 𝐅𝐅𝐵𝐵𝐵𝐵 = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑑𝑑1,𝑑𝑑2, … ,𝑑𝑑𝑁𝑁𝑆𝑆)
 Analog precoder :

𝐅𝐅𝑅𝑅𝑅𝑅 =

× 0
× 0
0 ×

0 0
0 0
0 0

0 ×
0 0
0
0
0

0
0
0

0 0
× 0
×
0
0

0
×
× 𝑀𝑀

| 𝐟𝐟𝑘𝑘 𝑖𝑖,𝑗𝑗| =
1

𝑁𝑁𝑡𝑡/𝑁𝑁𝑡𝑡𝑅𝑅𝑅𝑅

𝐟𝐟𝟏𝟏

𝐟𝐟𝟐𝟐

⋱

𝐟𝐟𝑁𝑁𝑆𝑆
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The composite of precoding matrix becomes

𝐏𝐏 ≜ 𝐅𝐅𝑅𝑅𝑅𝑅𝐅𝐅𝐵𝐵𝐵𝐵 =

× 0
× 0
0 ×

0 0
0 0
0 0

0 ×
0 0
0
0
0

0
0
0

0 0
× 0
×
0
0

0
×
×

𝑑𝑑1
𝑑𝑑2

⋱
𝑑𝑑𝑁𝑁𝑆𝑆

≜

× 0
× 0
0 ×

0 0
0 0
0 0

0 ×
0 0
0
0
0

0
0
0

0 0
× 0
×
0
0

0
×
×

,

𝐟𝐟𝟏𝟏

𝐟𝐟𝟐𝟐

⋱

𝐟𝐟𝑁𝑁𝑆𝑆

�𝐩𝐩𝟏𝟏

�𝐩𝐩𝟐𝟐

⋱

�𝐩𝐩𝑁𝑁𝑆𝑆

�𝐩𝐩𝑖𝑖 = 𝑑𝑑𝑖𝑖𝐟𝐟𝑖𝑖

𝐩𝐩𝑁𝑁𝑆𝑆𝐩𝐩1 𝐩𝐩2 ⋯
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Achievable rate of the hybrid precoding system:

𝑅𝑅 = log det 𝐈𝐈 + 𝐸𝐸𝑠𝑠
𝑁𝑁𝑠𝑠𝑁𝑁0

𝐇𝐇𝐇𝐇𝑅𝑅𝑅𝑅𝐅𝐅𝐵𝐵𝐵𝐵𝐅𝐅𝐵𝐵𝐵𝐵𝐻𝐻 𝐅𝐅𝑅𝑅𝑅𝑅𝐻𝐻 𝐇𝐇𝐻𝐻

Define𝐏𝐏 ≜ 𝐅𝐅𝑅𝑅𝑅𝑅𝐅𝐅𝐵𝐵𝐵𝐵 ≜ 𝐏𝐏𝑁𝑁𝑠𝑠−1 𝐩𝐩𝑁𝑁𝑠𝑠

= log det 𝐓𝐓𝑁𝑁𝑠𝑠−1 + log det 𝐈𝐈 + 𝐸𝐸𝑠𝑠
𝑁𝑁𝑠𝑠𝑁𝑁0

𝐓𝐓𝑁𝑁𝑠𝑠−1
−1 𝐇𝐇𝐩𝐩𝑁𝑁𝑠𝑠𝐩𝐩𝑁𝑁𝑠𝑠

𝐻𝐻 𝐇𝐇𝐻𝐻

 𝐓𝐓𝑁𝑁𝑠𝑠−1 = 𝐈𝐈 + 𝐸𝐸𝑠𝑠
𝑁𝑁𝑠𝑠𝑁𝑁0

𝐇𝐇𝐏𝐏𝑁𝑁𝑠𝑠−1𝐏𝐏𝑁𝑁𝑠𝑠−1
𝐻𝐻 𝐇𝐇𝐻𝐻

= log det 𝐓𝐓𝑁𝑁𝑠𝑠−1 + log det 𝐈𝐈 + 𝐸𝐸𝑠𝑠
𝑁𝑁𝑠𝑠𝑁𝑁0

𝐩𝐩𝑁𝑁𝑠𝑠
𝐻𝐻 𝐇𝐇𝐻𝐻𝐓𝐓𝑁𝑁𝑠𝑠−1

−1 𝐇𝐇𝐩𝐩𝑁𝑁𝑠𝑠

 det 𝐈𝐈 + 𝐗𝐗𝐗𝐗 = det 𝐈𝐈 + 𝐘𝐘𝐗𝐗
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After 𝑁𝑁𝑠𝑠 decomposition, achievable rate becomes

𝑅𝑅 = �
𝑛𝑛=1

𝑁𝑁𝑠𝑠

log 1 +
𝐸𝐸𝑠𝑠
𝑁𝑁𝑠𝑠𝑁𝑁0

𝐩𝐩𝑛𝑛𝐻𝐻𝐇𝐇𝐻𝐻𝐓𝐓𝑛𝑛−1−1 𝐇𝐇𝐩𝐩𝑛𝑛

 𝐓𝐓𝑛𝑛 = 𝐈𝐈 + 𝐸𝐸𝑠𝑠
𝑁𝑁0
𝐇𝐇𝐏𝐏𝑛𝑛𝐏𝐏𝑛𝑛𝐻𝐻𝐇𝐇𝐻𝐻

 𝐓𝐓0 = 𝐈𝐈𝑁𝑁𝑠𝑠
 𝐏𝐏𝑛𝑛 = [𝐏𝐏]:,1:𝒏𝒏

 Each column 𝐩𝐩𝑛𝑛 can be optimized individually
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Optimization of 𝐩𝐩𝑛𝑛 (or �𝐩𝐩𝑛𝑛 ):

max log 1 +
𝐸𝐸𝑠𝑠
𝑁𝑁𝑠𝑠𝑁𝑁0

𝐩𝐩𝑛𝑛𝐻𝐻𝐇𝐇𝐻𝐻𝐓𝐓𝑛𝑛−1−1 𝐇𝐇𝐩𝐩𝑛𝑛

 �𝐆𝐆𝑛𝑛−1 = 𝐑𝐑𝑛𝑛𝐇𝐇𝐻𝐻𝐓𝐓𝑛𝑛−1−1 𝐇𝐇𝐑𝐑𝑛𝑛𝐻𝐻

= log 1 +
𝐸𝐸𝑠𝑠
𝑁𝑁𝑠𝑠𝑁𝑁0

�𝐩𝐩𝑛𝑛𝐻𝐻�𝐆𝐆𝑛𝑛−1�𝐩𝐩𝑛𝑛

 𝐑𝐑𝑛𝑛 = 𝟎𝟎𝑀𝑀×𝑀𝑀(𝑛𝑛−1) 𝐈𝐈𝑀𝑀×𝑀𝑀 𝟎𝟎𝑀𝑀×𝑀𝑀(𝑵𝑵−𝑛𝑛)

Subject to [�𝐩𝐩𝑛𝑛]1 ＝ [�𝐩𝐩𝑛𝑛]2 = ⋯ = [�𝐩𝐩𝑛𝑛]𝑀𝑀

�
𝑛𝑛=1

𝑁𝑁𝑠𝑠

�
𝑚𝑚=1

𝑀𝑀

[�𝐩𝐩𝑛𝑛]𝑚𝑚
2 ≤ 𝑁𝑁𝑠𝑠
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 Let 𝐯𝐯𝑛𝑛the first column of singular matrix of �𝐆𝐆𝑛𝑛−1
 It is proven that the optimal precoder is

𝐟𝐟𝑛𝑛 =
1
𝑀𝑀
𝑒𝑒𝑗𝑗∡𝐯𝐯𝑛𝑛

𝑑𝑑𝑛𝑛 =
𝐯𝐯𝑛𝑛 1

𝑀𝑀

⟺ �𝐩𝐩𝑛𝑛 =
𝐯𝐯𝑛𝑛 1

𝑀𝑀
𝑒𝑒𝑗𝑗∡𝐯𝐯𝑛𝑛
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Performance 
Comparison

 𝑁𝑁𝑡𝑡𝑅𝑅𝑅𝑅 = 8

 64 × 16 MIMO
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Consider a massive MIMO system
 Analog precoder :

 Power constraint :

𝐅𝐅𝑅𝑅𝑅𝑅 =

× 0
× 0
0 ×

0 0
0 0
0 0

0 ×
0 0
0
0
0

0
0
0

0 0
× 0
×
0
0

0
×
× 𝑁𝑁𝑡𝑡/𝑁𝑁𝑡𝑡𝑅𝑅𝑅𝑅

| 𝐟𝐟𝑘𝑘 𝑖𝑖,𝑗𝑗| = 1
𝐟𝐟𝟏𝟏

𝐟𝐟𝟐𝟐

⋱

𝐟𝐟𝑁𝑁𝑆𝑆

𝐅𝐅𝑅𝑅𝑅𝑅H 𝐅𝐅𝑅𝑅𝑅𝑅 =
𝑁𝑁𝑡𝑡
𝑁𝑁𝑡𝑡𝑅𝑅𝑅𝑅

𝐈𝐈𝑁𝑁𝑆𝑆

𝐅𝐅𝑅𝑅𝑅𝑅𝐅𝐅BB 𝐹𝐹
2 = 𝑁𝑁𝑡𝑡

𝑁𝑁𝑡𝑡𝑅𝑅𝑅𝑅
𝐅𝐅BB 𝐹𝐹

2 = 𝑁𝑁𝑆𝑆 ⇔ 𝐅𝐅BB 𝐹𝐹
2 = 𝑁𝑁𝑡𝑡𝑅𝑅𝑅𝑅𝑁𝑁𝑆𝑆

𝑁𝑁𝑡𝑡
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Problem Formulation:

 𝒜𝒜𝑝𝑝: set of all feasible solutions of sub-connected analog precoder

 Alternative optimizations of 𝐅𝐅𝑅𝑅𝑅𝑅 and 𝐅𝐅𝐵𝐵𝐵𝐵

min 𝐅𝐅opt − 𝐅𝐅𝑅𝑅𝑅𝑅𝐅𝐅𝐵𝐵𝐵𝐵 F

𝐅𝐅BB 𝐹𝐹
2 = 𝑁𝑁𝑡𝑡𝑅𝑅𝑅𝑅𝑁𝑁𝑆𝑆

𝑁𝑁𝑡𝑡

Subject to  𝐅𝐅𝑅𝑅𝑅𝑅 ∈ 𝒜𝒜𝑝𝑝
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Step 1: Optimization of 𝐅𝐅𝑅𝑅𝑅𝑅 given 𝐅𝐅𝐵𝐵𝐵𝐵:
min 𝐅𝐅opt − 𝐅𝐅𝑅𝑅𝑅𝑅𝐅𝐅𝐵𝐵𝐵𝐵 F

Subject to  𝐅𝐅𝑅𝑅𝑅𝑅 ∈ 𝒜𝒜𝑝𝑝

𝐅𝐅𝑅𝑅𝑅𝑅 =

× 0
× 0
0 ×

0 0
0 0
0 0

0 ×
0 0
0
0
0

0
0
0

0 0
× 0
×
0
0

0
×
×

𝑒𝑒𝑗𝑗𝜃𝜃1
⋮

𝑒𝑒𝑗𝑗𝜃𝜃𝑀𝑀
𝑒𝑒𝑗𝑗𝜃𝜃𝑀𝑀+1

⋮
𝑒𝑒𝑗𝑗𝜃𝜃2𝑀𝑀 ⋱

⋱
⋱ ⋮

⋮
𝑒𝑒𝑗𝑗𝜃𝜃𝑁𝑁𝑡𝑡

⟺
𝑀𝑀 = 𝑁𝑁𝑡𝑡

𝑁𝑁𝑡𝑡𝑅𝑅𝑅𝑅
min
𝜃𝜃𝑖𝑖

𝐅𝐅opt 𝑖𝑖,:
− 𝑒𝑒𝑗𝑗𝜃𝜃𝑖𝑖 𝐅𝐅𝐵𝐵𝐵𝐵 𝑙𝑙,:

F

where 𝑙𝑙 = 𝑖𝑖𝑁𝑁𝑡𝑡
𝑅𝑅𝑅𝑅

𝑁𝑁𝑡𝑡
= 𝑖𝑖

𝑀𝑀

for 𝑖𝑖 = 1,2, … ,𝑁𝑁𝑡𝑡
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Step 1: Optimization of 𝐅𝐅𝑅𝑅𝑅𝑅 given 𝐅𝐅𝐵𝐵𝐵𝐵:

𝜃𝜃𝑖𝑖 = ∡ 𝐅𝐅𝐵𝐵𝐵𝐵 𝑖𝑖,𝑙𝑙 = ∡ 𝐅𝐅opt 𝑖𝑖,:
𝐅𝐅𝐵𝐵𝐵𝐵 𝑙𝑙,:

𝐻𝐻

where 𝑙𝑙 = 𝑖𝑖𝑁𝑁𝑡𝑡
𝑅𝑅𝑅𝑅

𝑁𝑁𝑡𝑡
= 𝑖𝑖

𝑀𝑀

for 𝑖𝑖 = 1,2, … ,𝑁𝑁𝑡𝑡

elementwise
optmization

min
𝜃𝜃𝑖𝑖

𝐅𝐅opt 𝑖𝑖,:
− 𝑒𝑒−𝑗𝑗𝜃𝜃𝑖𝑖 𝐅𝐅𝐵𝐵𝐵𝐵 𝑙𝑙,:

F

for 𝑖𝑖 = 1,2, … ,𝑁𝑁𝑡𝑡

𝑙𝑙 = 𝑖𝑖𝑁𝑁𝑡𝑡
𝑅𝑅𝑅𝑅

𝑁𝑁𝑡𝑡
= 𝑖𝑖

𝑀𝑀
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Step 2: Optimization of 𝐅𝐅𝐵𝐵𝐵𝐵 given 𝐅𝐅𝑅𝑅𝑅𝑅:



 Define

min 𝐅𝐅opt − 𝐅𝐅𝑅𝑅𝑅𝑅𝐅𝐅𝐵𝐵𝐵𝐵 𝐹𝐹
2

Subject to 𝐅𝐅BB 𝐹𝐹
2 = 𝑁𝑁𝑡𝑡𝑅𝑅𝑅𝑅𝑁𝑁𝑆𝑆

𝑁𝑁𝑡𝑡

⟺ 𝐅𝐅opt − 𝐅𝐅𝑅𝑅𝑅𝑅𝐅𝐅𝐵𝐵𝐵𝐵 𝐹𝐹
2 = 𝐟𝐟 − 𝐄𝐄𝐄𝐄 𝐹𝐹

2
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Step 2: Optimization of 𝐅𝐅𝐵𝐵𝐵𝐵 given 𝐅𝐅𝑅𝑅𝑅𝑅:







min 𝑡𝑡𝐟𝐟 − 𝐄𝐄𝐄𝐄 𝐹𝐹
2

Subject to 𝐟𝐟 .
2 = 𝑁𝑁𝑡𝑡𝑅𝑅𝑅𝑅𝑁𝑁𝑆𝑆

𝑁𝑁𝑡𝑡
← 𝑡𝑡 is an auxiliary variable𝑡𝑡2 = 1

QCQP Problem
Non-convax
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Step 2: Optimization of 𝐅𝐅𝐵𝐵𝐵𝐵 given 𝐅𝐅𝑅𝑅𝑅𝑅:







min tr(𝐂𝐂𝐂𝐂)
Subject to tr 𝐀𝐀1𝐘𝐘 = 𝑁𝑁𝑡𝑡𝑅𝑅𝑅𝑅𝑁𝑁𝑆𝑆

𝑁𝑁𝑡𝑡
tr 𝐀𝐀2𝐘𝐘 = 1

𝐘𝐘 ≽ 0, rank 𝐘𝐘 = 1

By relaxing the constraint: 
rank(Y)=1

It becomes a semidefinite 
relaxation (SDR) problem, and 

can be solved using CVX
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Performance 
Comparison

 𝑁𝑁𝑡𝑡𝑅𝑅𝑅𝑅 = 𝑁𝑁𝑟𝑟𝑅𝑅𝑅𝑅 = 3

 144 × 36 MIMO



Massive MIMO and Hybrid Precoder/Combiner

Narrowband Hybrid Precoder/Combiner Designs

Wideband Hybrid Precoder/Combiner Designs

Remarks

46
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Consider an OFDM-MIMO system with hybrid precoder/combiner: 

 Tx (BS) has 𝑁𝑁𝐵𝐵𝐵𝐵 antennas and 𝑁𝑁RF RF chains

𝐅𝐅 𝑘𝑘 ∈ 𝒰𝒰𝑁𝑁𝐵𝐵𝐵𝐵×𝑁𝑁𝑆𝑆 = {𝐔𝐔 ∈ ℂ𝑁𝑁𝐵𝐵𝐵𝐵×𝑁𝑁𝑆𝑆|𝐔𝐔𝐔𝐔𝐻𝐻 = 𝐈𝐈}
 The composite precoding matrix 𝐅𝐅[𝑘𝑘] = 𝐅𝐅𝑅𝑅𝑅𝑅𝐅𝐅𝐵𝐵𝐵𝐵[𝑘𝑘] is semi-unitary

A. Alkhateeb and R. W. Heath, "Gram Schmidt based greedy hybrid precoding for frequency selective millimeter wave MIMO 
systems", Proc. IEEE Int. Conf. Acoust. Speech Signal Process. (ICASSP) Shanghai China, pp. 3396-3400, Mar. 2016.

 Rx (MS) has 𝑁𝑁M𝑆𝑆 antennas and 𝑁𝑁RF RF chains
 𝑁𝑁𝑠𝑠 length-𝐾𝐾 data symbols are transmitted simultaneously
 The OFDM system has 𝐾𝐾 sub-carriers
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49

Signal received at subcarrier 𝑘𝑘:

𝐅𝐅𝑅𝑅𝑅𝑅𝐅𝐅𝐵𝐵𝐵𝐵 𝑘𝑘 ∈ 𝒰𝒰𝑁𝑁𝐵𝐵𝐵𝐵×𝑁𝑁𝑆𝑆

Achievable rate of the MIMO-OFDM system

𝑅𝑅 = �
𝑘𝑘=1

𝐾𝐾

log det 𝐈𝐈 + 𝐸𝐸𝑠𝑠
𝐾𝐾𝑁𝑁𝑠𝑠𝑁𝑁0

𝐇𝐇[𝑘𝑘]𝐅𝐅𝑅𝑅𝑅𝑅𝐅𝐅𝐵𝐵𝐵𝐵[𝑘𝑘]𝐅𝐅𝐵𝐵𝐵𝐵𝐻𝐻 [𝑘𝑘]𝐅𝐅𝑅𝑅𝑅𝑅𝐻𝐻 𝐇𝐇[𝑘𝑘]𝐻𝐻

The precoder design aims to maximize 𝑅𝑅 subject to constraints
[𝐅𝐅𝑅𝑅𝑅𝑅]𝑖𝑖,𝑗𝑗 ＝1
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Given 𝐅𝐅𝑅𝑅𝑅𝑅 , the optimal digital precoder is

𝐅𝐅𝐵𝐵𝐵𝐵 𝑘𝑘 = 𝐅𝐅𝑅𝑅𝑅𝑅𝐻𝐻 𝐅𝐅𝑅𝑅𝑅𝑅
−12 �𝐕𝐕[𝑘𝑘] :,1:𝑁𝑁𝑆𝑆

, 𝑘𝑘 = 1,2, … ,𝐾𝐾

Take SVD of 𝐇𝐇[𝑘𝑘]:  
𝐇𝐇 𝑘𝑘 = 𝐔𝐔 𝑘𝑘 𝚺𝚺 𝑘𝑘 𝐕𝐕 𝑘𝑘 𝐻𝐻

 �𝐕𝐕[𝑘𝑘] comes from the SVD of

𝚺𝚺 𝑘𝑘 𝐕𝐕 𝑘𝑘 𝐻𝐻𝐅𝐅𝑅𝑅𝑅𝑅 𝐅𝐅𝑅𝑅𝑅𝑅𝐻𝐻 𝐅𝐅𝑅𝑅𝑅𝑅
−12 = �𝐔𝐔[𝑘𝑘] �𝚺𝚺[𝑘𝑘]�𝐕𝐕[𝑘𝑘]𝐻𝐻
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Three algorithms were proposed to design 𝐅𝐅𝑅𝑅𝑅𝑅:

 Approximate Gram-Schmidt based greedy hybrid precoding
 Gram-Schmidt greedy hybrid precoding
 Direct greedy hybrid precoding
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(1) Direct greedy hybrid precoding

 �𝐅𝐅𝑅𝑅𝑅𝑅
(𝑖𝑖,𝑛𝑛) = �𝐅𝐅𝑅𝑅𝑅𝑅

(𝑖𝑖−1) 𝐟𝐟𝑛𝑛
 𝜆𝜆𝑙𝑙 𝐌𝐌 : the 𝑙𝑙-th eigenvalue of a matrix M
 𝐟𝐟𝑛𝑛 is obtained thru exhaustive search over ℱ𝑅𝑅𝑅𝑅

 In the 𝑖𝑖-th iteration, the 𝑖𝑖-th column of 𝐅𝐅𝑅𝑅𝑅𝑅 are optimized in terms of
 The columns of 𝐅𝐅𝑅𝑅𝑅𝑅 are optimized successively

max
𝐟𝐟𝑛𝑛∈ℱ𝑅𝑅𝑅𝑅

𝑅𝑅 𝑖𝑖 (𝐟𝐟𝑛𝑛) = �
𝑘𝑘=1

𝐾𝐾

�
𝑙𝑙=1

𝑖𝑖

log 1 + 𝐸𝐸𝑠𝑠
𝐾𝐾𝐾𝐾𝑠𝑠𝑁𝑁0

𝜆𝜆𝑙𝑙 𝐇𝐇[𝑘𝑘] �𝐅𝐅𝑅𝑅𝑅𝑅
(𝑖𝑖,𝑛𝑛) �𝐅𝐅𝑅𝑅𝑅𝑅

𝑖𝑖,𝑛𝑛 𝐻𝐻 �𝐅𝐅𝑅𝑅𝑅𝑅
(𝑖𝑖,𝒏𝒏) −1

�𝐅𝐅𝑅𝑅𝑅𝑅
𝑖𝑖,𝑛𝑛 𝐻𝐻𝐇𝐇[𝑘𝑘]𝐻𝐻



Wideband Hybrid Precoding System 

53

(2 ) Gram-Schmidt greedy hybrid precoding

 𝐟𝐟𝑛𝑛 can be obtained thru the Gram-Schmidt procedure
 𝐟𝐟𝑛𝑛 is chosen from the orthogonal complement of �𝐅𝐅𝑅𝑅𝑅𝑅

(𝑖𝑖−1)

max
𝐟𝐟𝑛𝑛∈ℱ𝑅𝑅𝑅𝑅

𝑅𝑅 𝑖𝑖 (𝐟𝐟𝑛𝑛) = �
𝑘𝑘=1

𝐾𝐾

�
𝑙𝑙=1

𝑖𝑖

log 1 + 𝐸𝐸𝑠𝑠
𝐾𝐾𝐾𝐾𝑠𝑠𝑁𝑁0

𝜆𝜆𝑙𝑙 𝐇𝐇[𝑘𝑘] �𝐅𝐅𝑅𝑅𝑅𝑅
(𝑖𝑖,𝑛𝑛) �𝐅𝐅𝑅𝑅𝑅𝑅

𝑖𝑖,𝑛𝑛 𝐻𝐻 �𝐅𝐅𝑅𝑅𝑅𝑅
(𝑖𝑖,𝒏𝒏) −1

�𝐅𝐅𝑅𝑅𝑅𝑅
𝑖𝑖,𝑛𝑛 𝐻𝐻𝐇𝐇[𝑘𝑘]𝐻𝐻

= �
𝑘𝑘=1

𝐾𝐾

�
𝑙𝑙=1

𝑖𝑖

log 1 + 𝐸𝐸𝑠𝑠
𝐾𝐾𝐾𝐾𝑠𝑠𝑁𝑁0

𝜆𝜆𝑙𝑙 𝐓𝐓 𝑖𝑖−1 + 𝐇𝐇[𝑘𝑘]𝐟𝐟𝑛𝑛𝐟𝐟𝑛𝑛𝐻𝐻 �𝐅𝐅𝑅𝑅𝑅𝑅
𝑖𝑖,𝑛𝑛 𝐻𝐻𝐇𝐇[𝑘𝑘]𝐻𝐻

 𝐓𝐓 𝑖𝑖−1 = 𝐇𝐇[𝑘𝑘] �𝐅𝐅𝑅𝑅𝑅𝑅
(𝑖𝑖−1) �𝐅𝐅𝑅𝑅𝑅𝑅

𝑖𝑖−1 𝐻𝐻 �𝐅𝐅𝑅𝑅𝑅𝑅
(𝑖𝑖−1) −1

�𝐅𝐅𝑅𝑅𝑅𝑅
𝑖𝑖−1 𝐻𝐻𝐇𝐇[𝑘𝑘]𝐻𝐻

 The eigenvalues calculation is a rank-1 updateof the previous iteration eigenvalues
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(3) Approximate Gram-Schmidt based greedy hybrid precoding
 𝐟𝐟𝑛𝑛 is chosen from the orthogonal complement of �𝐅𝐅𝑅𝑅𝑅𝑅

(𝑖𝑖−1)

max
𝐟𝐟𝑛𝑛∈ℱ𝑅𝑅𝑅𝑅

𝑅𝑅 𝑖𝑖 (𝐟𝐟𝑛𝑛) = �
𝑘𝑘=1

𝐾𝐾

�
𝑙𝑙=1

𝑖𝑖

log 1 + 𝐸𝐸𝑠𝑠
𝐾𝐾𝐾𝐾𝑠𝑠𝑁𝑁0

𝜆𝜆𝑙𝑙 𝐇𝐇[𝑘𝑘] �𝐅𝐅𝑅𝑅𝑅𝑅
(𝑖𝑖,𝑛𝑛) �𝐅𝐅𝑅𝑅𝑅𝑅

𝑖𝑖,𝑛𝑛 𝐻𝐻 �𝐅𝐅𝑅𝑅𝑅𝑅
(𝑖𝑖,𝒏𝒏) −1

�𝐅𝐅𝑅𝑅𝑅𝑅
𝑖𝑖,𝑛𝑛 𝐻𝐻𝐇𝐇[𝑘𝑘]𝐻𝐻

 𝐇𝐇 𝑘𝑘 = 𝐔𝐔 𝑘𝑘 𝚺𝚺 𝑘𝑘 𝐕𝐕 𝑘𝑘 𝐻𝐻

 �𝚺𝚺 𝑘𝑘 = [𝚺𝚺 𝑘𝑘 ]:,1:𝑁𝑁𝑠𝑠
 �𝐕𝐕 𝑘𝑘 = [𝐕𝐕 𝑘𝑘 ]:,1:𝑁𝑁𝑠𝑠

≈ �
𝑘𝑘=1

𝐾𝐾

log det 𝐈𝐈 + 𝐸𝐸𝑠𝑠
𝐾𝐾𝐾𝐾𝑠𝑠𝑁𝑁0

�𝚺𝚺 𝑘𝑘 2 − tr �𝚺𝚺 𝑘𝑘 +�
𝑘𝑘=1

𝐾𝐾

�𝚺𝚺 𝑘𝑘 �𝐕𝐕 𝑘𝑘 𝐻𝐻 �𝐅𝐅𝑅𝑅𝑅𝑅
(𝑖𝑖,𝑛𝑛) �𝐅𝐅𝑅𝑅𝑅𝑅

𝑖𝑖,𝑛𝑛 𝐻𝐻 �𝐅𝐅𝑅𝑅𝑅𝑅
(𝑖𝑖,𝒏𝒏) −12

2
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(3) Approximate Gram-Schmidt based greedy hybrid precoding
 𝐟𝐟𝑛𝑛 can be optimized by

𝐟𝐟𝑛𝑛 = argmax �𝚺𝚺𝑯𝑯�𝐕𝐕𝑯𝑯
𝐻𝐻𝐟𝐟𝑛𝑛

2

 �𝚺𝚺𝑯𝑯 = 𝚺𝚺 1 , … ,𝚺𝚺 𝐾𝐾
 �𝐕𝐕𝑯𝑯 = 𝐕𝐕 1 , … ,𝐕𝐕 𝐾𝐾
 𝐟𝐟𝑛𝑛 ∈ ℱ𝑅𝑅𝑅𝑅 and 𝐟𝐟𝑛𝑛 is orthogonal to the columns of �𝐅𝐅𝑅𝑅𝑅𝑅

(𝑖𝑖−1)
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Performance 
Comparison

 𝑁𝑁𝑅𝑅𝑅𝑅 = 3

 32 × 16 MIMO



Massive MIMO and Hybrid Precoder/Combiner

Narrowband Hybrid Precoder/Combiner Designs

Wideband Hybrid Precoder/Combiner Designs

Remarks
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Remarks
 Hybrid Precoder/Combiner compromise the tradeoff between hardware 
cost and spectral efficiency

We studied optimization algorithms of hybrid precoder:

1. Narrowband fully-connected hybrid precoder: OMP and MO based algorithms

2. Narrowband sub-connected hybrid precoder: SDR and SIC based algorithms

3. Wideband hybrid precoder: Gram-Schmidt greedy algorithms
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